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Abstract Gravity waves not subject to breaking or ﬁltering will dissipate due to viscosity and thermal
conduction in the thermosphere. However, the evolutions of wave packets, and the altitudes they reach, are
highly dependent upon the spectral content. In this paper, a 2-D numerical model is used to investigate the
eﬀect of spatial localization (and thus spectral content) of a wave packet on its dissipation, dispersion, and
spectral evolution. It is found that most wave packets launched below the thermosphere evolve to smaller
central vertical wavelengths as the faster, longer vertical wavelength components reach the dissipative
thermosphere and are removed ﬁrst, leaving the shorter, slower components to become dominant at later
times. This eﬀect is greater for more spatially localized packets (spectrally broadband) as rapid dispersion
leads to the rapid spreading of the wave over large altitude regions that could be interpreted as diﬀerent
waves (i.e., from diﬀerent sources) by instruments observing diﬀerent altitudes. Dispersion can also be
accelerated by the refractive eﬀects of the thermospheric temperature gradient. Initially, Gaussian
broadband packets can evolve into asymmetric distributions which are not well described by standard
assumptions (e.g., Gaussian packets), requiring instead numerical simulation to properly describe them.
In the case that the vertical scale is smaller than the scale height, and dissipation acts immediately on the
packet (i.e., it is generated in situ in the dissipative thermosphere), then the scale-dependent nature of
dissipation removes the shorter wavelengths components ﬁrst, leading to the spectrum evolving toward
larger vertical wavelengths.
1. Introduction
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Internal gravity waves provide an important mechanism for transporting energy and momentum from lower
atmospheric sources to the middle and upper atmosphere (e.g., Fritts & Alexander, 2003; Hocke & Tsuda, 2001;
Hung & Kuo, 1978; Lindzen, 1981; Vincent & Reid, 1983; Yiğit & Medvedev, 2015). The energy and momentum is deposited into the mean state primarily via dissipation, critical level ﬁltering, transience, and wave
breakdown. The deposition of momentum, sensible heat, and energy can accelerate/decelerate the mean
ﬂow and heat/cool the atmosphere (Fritts & Alexander, 2003; Holton, 1982, 1983; Lindzen, 1981; Pitteway
& Hines, 1963; Walterscheid, 1981; Yiğit et al., 2008, 2009; Vadas & Liu, 2009, 2013). This leads to important
consequences for the atmospheric circulation, such as the quasi-biennial oscillation and the cold summer
mesopause (Alexander & Rosenlof, 1996; Baldwin et al., 2001; Fritts & Alexander, 2003; Garcia & Solomon, 1985;
Holton & Alexander, 2000). The deposition of momentum can also generate secondary waves, which continue
to propagate to higher altitudes, via two main mechanisms. Secondary waves can arise as a linear response
to the body forcing of a dissipating primary wave and tend to have scales larger than the primary wave (e.g.,
Vadas et al., 2003; Vadas & Fritts, 2002, 2006; Vadas et al., 2014). Secondary waves can also be generated nonlinearly through breaking as wave energy cascades to smaller scales (e.g., Bossert et al., 2017; Fritts & Lund,
2011; Heale et al., 2017; Snively & Pasko, 2008; Vincent et al., 2013).
A question of fundamental importance is the altitude to which waves originating in the lower atmosphere
and reaching the thermosphere may propagate before they dissipate by viscous dissipation higher in the
thermosphere. For waves that do not break down or encounter critical levels, the primary mechanisms by
which wave packets attenuate is through wave packet dispersion and scale-dependent dissipation (viscous
dissipation) Viscous dissipation is a function of the phase speed and vertical wavelength of the wave, with
larger values of both being able to propagate higher (e.g., Pitteway & Hines, 1963; Vadas & Fritts, 2005; Vadas,
2007). For linear, steady state waves, only scale-dependent dissipation contributes to the diminishment of
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wave amplitude; however, gravity waves are never fully monochromatic and can be generated as packets with
varying spectral content. More impulsive sources generate broader spectra of waves. For dispersive waves,
the broader the spectrum (the broader the range of phase speeds) the more dispersive the packet is (Jackson,
1975; Lighthill, 1965; Walterscheid, 2013).
Previous studies have considered the dissipation of waves using theoretical, numerical, and ray tracing
approaches (Heale et al., 2014; Hickey et al., 1998; Liu et al., 2013; Vadas, 2007; Vadas & Fritts, 2005; Vadas & Liu,
2009, 2013; Vadas & Nicolls, 2012; Vadas et al., 2015; Walterscheid, 2013; Waterscheid & Hickey, 2011; Zhang &
Yi, 2002) and have highlighted that the bandwidth of the packet has very important consequences for wave
attenuation and the spectral evolution. In the steady state (monochromatic) limit, dissipation leads to increasing wavelength with altitude (Heale et al., 2014; Hickey et al., 1998) since viscosity acts to preferentially remove
smaller scales at any given altitude. Therefore, the vertical wavelength gets progressively longer as altitude
increases. It is noted that the measured values of gravity wave vertical wavelengths increase exponentially
in altitude (Djuth et al., 2004; Heale et al., 2014; Oliver et al., 1997; Vadas, 2007), in general, for waves in the
thermosphere. However, the steady state limit, by its nature, omits the time-dependent eﬀects of dispersion.
For transient wave packets, wave dispersion can lead directly to diminished wave packet amplitudes, by
spreading the wave energy over an increasingly larger volume. This goes as ∼ tn∕2 where n is the number of
dimensions over which the packet has a ﬁnite bandwidth (Lighthill, 1965). In addition, dispersion can also lead
to the faster, longer vertical wavelength components of a packet reaching the thermosphere ﬁrst and dissipating ﬁrst, leaving the slower, shorter vertical wavelength components to become dominant at later times.
This eﬀect causes the shift in the dominant vertical wavelength to smaller values in time and slows the upward
progress of the packet (Heale et al., 2014; Vadas et al., 2015). Alternatively, wave packets that remain coherent
can attenuate by scale-dependent dissipation before they disperse and are thus subject to selective removal
of the short-scale waves making up the wave packet. This process shifts the central wave number to smaller
wave numbers (longer wavelengths) and accelerates the upward propagation of the packet (Walterscheid,
2013). However, the limit at which each of these spectral evolutions occur is currently not well understood.
Clearly then, the dissipation of a wave and its spectral evolution are heavily inﬂuenced by the bandwidth (the
localization or impulsiveness) of the wave packet and the environment in which a wave is launched. For most
gravity wave drag parameterizations that include thermospheric dissipation, the steady state limit is assumed
and dispersive eﬀects are omitted. Ray trace theory relies on the concept of group velocity to deﬁne a wave’s
trajectory and does not include dispersive eﬀects on amplitude explicitly unless a number of rays with diﬀerent initial parameters are used to describe a packet (e.g., Vadas & Liu, 2009, 2013; Vadas et al., 2015). Unless a
set of rays is initialized to reproduce the spectral nature of a wave packet, including especially its bandwidth,
ray tracing is subject to assumptions of weak dispersion and governed by Wentzel-Kramers-Brillouin (WKB)
theory (i.e., that the viscosity and diﬀusivity are locally constant and that the vertical scale is small when compared to the scale of temperature and wind variations in the atmosphere), which may not hold well for waves
that reach the thermosphere from the lower atmosphere.
In this paper, we extend the work of Heale et al. (2014) to examine the eﬀects of bandwidth and launch altitude on the combined eﬀects of dispersion and dissipation, and extend the work of Walterscheid (2013) using
a more realistic model of wave propagation. In addition, we examine the relative eﬀects of dispersion and
dissipation in diminishing wave amplitude. The 2-D fully compressible numerical model of Snively and Pasko
(2008) is used to investigate the dispersion and dissipation of gravity wave packets of diﬀerent spatial localizations (bandwidth), and to determine in which limits the central wavelength of the packet is shifted to larger or
smaller values. We present simulations based upon the wave parameters of Walterscheid (2013) and vary the
spatial localization, launch altitude, and central vertical wavelength in order to investigate the relative eﬀects
of dispersion and dissipation and their relative importance in wave packets of diﬀering spectral bandwidth.
We also examine the eﬀects of realistic thermal structure.
The paper is laid out as follows: Section 2 described the numerical model used and the case studies that are
simulated, section 3 describes the state of the initial ambient atmosphere, section 4 presents and discusses
the results from the case studies, and ﬁnally, section 5 presents the summary and conclusions.
HEALE ET AL.
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Table 1
Table Showing the Initial Parameters Used for Each of the Cases Studied
𝜆x (km)

𝜆z (km)

Packet FWHM (vertical wavelengths)

z0 (km)

1

40

10

1

40

2

40

10

3

40

3

40

10

1

80

4

40

10

3

80

5

40

5

1

80

6

40

5

3

80

7

40

5

1

120

8

40

5

3

120

9

40

10

1

120

10

40

10

3

120

11

40

5

1

40

12

40

5

3

40

13

40

10

1

40

14

40

10

3

40

Case

Note. Cases 1–10 propagate through an isothermal atmosphere, while cases 11–14 propagate through an atmosphere with a realistic thermosphere. FWHM = full width at half
maximum.

2. Numerical Model and Case Studies
The simulations and cases studies in this paper are performed using the 2-D nonlinear, compressible model
ﬁrst described in Snively and Pasko (2008). This model uses a ﬁnite volume approach (LeVeque, 2002) to solve
the Euler equations with the inclusion of gravity using the f wave method of Bale et al. (2002). The dissipative
terms are solved using a time-split approach where the velocity and temperature are passed to a separate
explicit solver after the main system of hyperbolic terms have been solved at each time step. An adaptive time
step is used to ensure stability for both methods. A full description of the model used can be found in Snively
and Pasko (2008) and Heale et al. (2014).
Wave packets are initialized by the following horizontal velocity perturbation:
)
(
(z − z0 )2 (z − z0 )
⋅ exp(i(kx − m(z − z0 ))) ,
u′ (x, z, 0) = A ⋅ exp −
+
2H
2𝜎z2

(1)

where A is the amplitude (m/s), z0 is the launch altitude, 𝜎z is the Gaussian width in altitude, H is the scale
height, k is the horizontal wave number, and m is the vertical wave number. The other primitive variables are
then speciﬁed using the gravity wave polarization relations (Fritts & Alexander, 2003). For waves that are initialized in the highly viscous region (z = 120 km), a complex frequency is deﬁned by 𝜔∗ = 𝜔 + i𝛼 , where
𝛼 = (k2 + m2 − 1∕4H2 )𝜈 and 𝜈 is the kinematic viscosity or molecular diﬀusivity, considered equal (i.e.,
the Prandtl number = 1; Vadas & Fritts, 2005). Under WKB assumptions, the kinematic viscosity is considered to be locally constant when deriving this result. With 𝜔 replaced by 𝜔∗ , the anelastic dispersion relation
is solved for 𝜔.
Each of the run parameters are presented in Table 1 The horizontal wavelength is 40 km for each case and
𝜎x is eﬀectively inﬁnite. The vertical wavelength is either 5 km (less than the scale height), or 10 km (approximately equal to the scale height) to assess how the WKB assumption, that the vertical scale is smaller than
the scale height, aﬀects the dispersion and dissipation. The spectral bandwidth is controlled by varying the
initial localization of the packet. Wave packets are chosen such that the initial full width at half maximum
(FWHM) encompasses either one (spatially narrow, spectrally broadband) or three (spatially broad, spectrally
narrowband) vertical wavelengths (where FWHM ∼ 2.35𝜎z ), this allows for an assessment of how the dispersion (which will be much greater for the spatially narrow, spectrally broadband cases) aﬀects the evolution of
the wave packet. The launch altitude (z0 ) is changed in order to control the amount that the wave packet can
disperse before it reaches the dissipative region of the thermosphere. In each case, the amplitude A is set to
1 × 10−3 m/s to maintain linearity.
HEALE ET AL.
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3. Background Atmosphere
3.1. Isothermal Cases
The majority of the case studies shown here use an isothermal atmosphere for simplicity and using parameter
values to compare with the results of Walterscheid (2013). The temperature is constant with a value of T =
403 K, leading to a density scale height H = RT∕g = 11.7 km. The density proﬁle is given by
𝜌(z) = 𝜌0 exp(−z∕H)

(2)

while the pressure is related to the density and temperature via the ideal gas law p(z) = 𝜌(z)RT , where 𝜌0 =
1.2 kg/m3 , and R = 287 J/kg/K. The molecular kinematic viscosity proﬁle is given by
𝜅(z) = 𝜅0

𝜌(z)
𝜌0 )

(3)

where 𝜅0 = 3.79e-2 m2 /s and is chosen such that 𝜅 = 1,000 m2 /s at z = 120 km, which is consistent with the
z = 120 km viscosity in Walterscheid (2013) and Waterscheid and Hickey (2011). The Prandtl number is set to
1, such that the thermal conductivity is equal to the molecular viscosity.
The domain size is equal to the horizontal wavelength of the wave being simulated (40 km) in the x direction
and has periodic boundary conditions, eﬀectively making the wave monochromatic in k space. The vertical
domain ranges from the ground to 170 km altitude with an open top boundary and a closed (reﬂecting)
bottom boundary. The resolution in the horizontal direction is always 40 points per wavelength, and is 125 m
in the vertical direction.
3.2. Realistic Thermosphere
In the ﬁnal four cases, the temperature structure of the atmosphere is speciﬁed such that it is isothermal
(T = 240 K) below 100-km altitude but features a realistic transition to T = 1,000 K in the thermosphere (e.g.,
Vadas & Fritts, 2006). The temperature is speciﬁed by
[
(
( z − z ))]𝛽
Δ
T(z) = Tmax + (T0 − Tmax ) ⋅ 0.5 ⋅ 1 − tanh
(4)
Δ
where Tmax = 1000 K, T0 = 240 K, zΔ = 116 km, Δ = 17 km, and 𝛽 = 0.19. The density is given by the same
equation as (2) but calculated with the vertical integral of z∕H. The proﬁles for the realistic thermosphere cases
are shown in Figure 1.
The only diﬀerence between the isothermal and realistic thermosphere simulation domains is that the vertical
extent ranges from ground to 250 km in the realistic thermosphere simulations.

4. Results
The results for each case are presented in terms of a few metrics: (1) The time evolution of the wave packet is
presented into terms of the density-weighted horizontal velocity (u(z)′ (𝜌(z)∕𝜌(z0 ))1∕2 ) and are normalized to
the initial maximum value. A vertical slice is taken at the mid x point of each domain at each time and placed
sequentially to form the time series evolution. (2) The altitude and amplitude of maximum energy density
is plotted at each time to follow the center of the wave packet and assess the decay in wave amplitude. For
each case, an inviscid version of the simulation is also run and the amplitude of the maximum energy density
is plotted. Therefore, the eﬀects of dispersion and dissipation on the energy density can be separated. The
energy density is given by (Walterscheid, 2013)
E=

( )2 ⎤
⎡
1 ⎢ ′2 g2 𝜃 ′ ⎥
𝜌 u + 2
2 ⎢
N
𝜃 ⎥⎦
⎣

(5)

where g is the acceleration due to gravity and 𝜃 is potential temperature, N is the buoyancy frequency and
overbars denote horizontal averages. (3) Vertical wavelength spectra are measured along the energy density
path as a function of time using a Morlet wavelet analysis (Torrence & Compo, 1998) to assess the evolution of the dominant wavelength. This is done by plotting the entire vertical wavelength power spectrum at
the altitude of the maximum energy density at each time step. We compared results using this method with
a Fourier transform (not shown) to ensure that wavelet localization does not bias the scales measured and
found no signiﬁcant diﬀerence. The Wavelet analysis has the advantage that the speciﬁc altitude of interest
can be identiﬁed for each time step. The predicted inviscid vertical wavelength along the path of maximum
HEALE ET AL.
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Figure 1. The ambient atmosphere proﬁles for (left) temperature, (middle) density, and (right) molecular viscosity for
the realistic thermosphere simulations.

energy density is also overlaid on the vertical wavelength spectra plots measured from the simulation for
cases 11–14. The predicted vertical wavelength is calculated by using the anelastic dispersion relation:
k 2 N2
1
− k2 −
(6)
𝜔2
4H2
where k is the horizontal wave number and the wave frequency 𝜔 is the (ﬁxed) central wave packet frequency.
m2 =

4.1. Cases 1–4
In Cases 1–4, we compare the propagation of a 40-km 𝜆x , 10-km 𝜆z wave packet that are launched from
z = 40- and 80-km altitude, with one and three vertical wavelengths encompassed in the packet FWHMs,
respectively. The former case is broadband and the latter is narrowband.
Dispersion will be signiﬁcantly more dramatic for more broadband packets; the initial Fourier spectral content is shown in Figure 2.
Figure 3 shows simulation results for Cases 1–4 showing (a) the scaled,
normalized horizontal velocity over altitude as a function of time, with
inviscid group velocity (i.e., using the initial, central m, and 𝜔 that remain
constant in time) and maximum energy density paths overlaid, (b) the normalized vertical wavelength spectrum along the energy density path, and
(c) the value of the maximum energy density with time. The inviscid group
velocity is given by the following equation:
Cg =

Figure 2. A comparison of the initial vertical wave number spectra (rads/m)
for u′ from packets that encompass one or three vertical wavelengths for
wave parameters 𝜆x = 40 km, and 𝜆z = 10 km. The wave packet that
includes one cycle is far broader than the one including three cycles. FWHM
= full width at half maximum.

HEALE ET AL.

−m𝜔
k2 + m2 + 1∕4H2

(7)

We begin our discussion with Case 1, where the launch altitude is 40 km
and the initial packet width is 10 km. Case 1 (top left), panel (a) in
Figure 3 shows that the spatially localized packet disperses rapidly in time
and spans an altitude range of ∼100 km after just 75 min. Beyond this
time, dissipation starts to signiﬁcantly reshape the packet as the leading
edge (comprising high-frequency, long vertical wavelength components)
is removed from the spectrum and the altitude span of the packet begins
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Figure 3. Simulation results for Cases 1–4 showing (a) the scaled, normalized horizontal velocity in Keogram form as a
function of time, with inviscid group velocity and maximum energy density paths overlaid, (b) the normalized vertical
wavelength spectrum, and (c) the value of the maximum energy density with time for viscous and inviscid version of
the simulation.

HEALE ET AL.
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to shrink. At this point, the group velocity and energy density paths begin to diverge as viscosity dissipates the
leading edge of the packet and the vertical ﬂow of energy ceases beyond ∼300 min. It is key to note that the
energy density path diverges from the group velocity path (the path the energy center would take in a nonviscous atmosphere) before either of them reach the viscous thermosphere (∼100-km altitude). Therefore, the
centrum of the packet can be signiﬁcantly inﬂuenced by dissipation of the leading edge. If the wave packet
in this case were represented by a single ray using ray trace theory, its path would not veer from the inviscid group velocity path until it reached the viscous thermosphere and would not well represent the energy
density path shown in Figure 3, Case 1, panel (a). In fact, the packet becomes so dispersed that it would be
impossible to describe using a single ray. Gravity wave drag parameterizations have similar diﬃculty representing spectrally broad packets. Most schemes that include thermospheric dissipation assume steady state
conditions and instant propagation and as a result, the dispersion and time-dependent dissipation of the
packet (and resulting time-dependent forcing of the thermosphere) would not be captured.
The vertical wavelength spectrum, shown in Figure 3, Case 1, panel (b), shows a shift in the dominant vertical
wavelength from longer to shorter values as time progresses. This shift to smaller vertical wavelength occurs
via the mechanism described in Heale et al. (2014) and results from strong dispersion. The fast, long vertical wavelength components reach the thermosphere ﬁrst and are dissipated ﬁrst, while the slower, shorter
vertical wavelength components lag behind and dissipate at later times, hence the shift in dominant vertical
wavelength from large to small values (this process is shown in more detail in Figure 6). When considering viscosity as a diﬀusion equation, the rate of amplitude decay is given by ∼ 𝜈m2 . Therefore, packet components
with shorter vertical wavelengths decay more rapidly than larger vertical wavelengths at the same altitude.
This assumption, as made in Walterscheid (2013), requires that a packet remains coherent, the spectral components are dissipating at the same time, and the viscosity does not vary much over the packet span. These
assumptions do not hold for spectrally broad cases. Strong dispersion leads to separation of the packet components and thus the diﬀerent components experience dissipation at diﬀerent times and rates. It is noted (not
shown) that the vertical wavelength remains constant in time when the wave packet propagates through a
nonviscous atmosphere; therefore, the shift from long to short dominant vertical wavelengths results from
dissipation and not dispersion alone.
The evolution of the maximum energy density over time is shown in Figure 3, Case 1, panel (c) (for both viscous
and inviscid propagation). There is a rapidly exponential decay from the onset as dispersion acts to spread
the wave energy throughout the atmosphere. Both the viscous and nonviscous energy densities decay at the
same rate until ∼150 min, showing that the dispersion alone causes the reduction in amplitude up until that
time. This has interesting implications for ray tracing, in particular, the wave action density which governs
the amplitude of a ray (see Marks & Eckermann, 1995, section 2c). The ray trace formalism assumes conservative propagation (constant, density-scaled amplitude) along a ray unless acted upon by dissipation. However,
Case 1, panel (c) shows that the amplitude of maximum energy density has decayed to 20% of its initial value
through dispersion alone, before viscosity even has an impact. This highlights another diﬃcultly in trying to
use a single-ray approach to describe packets with strong dispersion. As described in Marks and Eckermann
(1995), a ray tube formalism, or other more sophisticated methods are needed to accurately describe a dispersive packet, requiring a way for individual rays to communicate their amplitudes to each other to form a
whole packet. Such a method is described in Vadas and Fritts (2009) who ray traced up to 2 million rays simultaneously. They consider the phases of those waves and reconstruct the gravity wave ﬁeld with the use of
momentum ﬂux averaging and the gravity wave polarization relations to correct for amplitude decrease due
to dispersion.
In contrast to Case 1, Case 2 is spectrally quasi-monochromatic and, as such, dispersion is relatively weak. Case
2, panel (a) shows that the packet remains fairly coherent with time until ∼175 min, when dissipation shifts
the central wavelength to lower values and the group velocity and energy density paths begin to diverge.
Dissipation in this case acts more on the packet as a whole due to the relative lack of dispersion, and as such,
the vertical wavelength only decreases by a kilometer (as seen in panel b). As a result of the relative lack of
dispersion, the maximum energy density shown in Figure 3, Case 2, panel (c) declines much more gradually
than Case 1, panel (c), but steepens signiﬁcantly as dissipation begins to act on the packet in a signiﬁcant
way. Another eﬀect of the narrowband nature is that the altitude the maximum energy density reaches is
higher than that for the spectrally broad Case 1. Therefore, the path of the centrum of a wave packet, and its
maximum energy density, evolve very diﬀerent as a result of the bandwidth of the packet, even though the
central wavelength, frequency, and launch altitude are the same. Bandwidth is a crucial parameter to consider
HEALE ET AL.
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when describing the evolution of a wave packet. Despite the dispersion being relatively weak in Case 2, the
amplitude of the maximum energy density still decreases linearly in time even when no viscosity is present
(i.e., the red line in Figure 3, Case 2, panel c). Once again, typically, ray theory applied to a single ray alone
would not account for this eﬀect in the absence of dissipation.
Cases 3 and 4 are the same as Cases 1 and 2 except that they are launched from 80-km altitude rather than
40 km. This means that the packets have less time to disperse before viscosity acts to damp the wave packet.
As a result, the group velocity and energy density paths diverge much earlier and also the energy density path
reaches a higher altitude before ceasing upward propagation. The decrease in vertical wavelength becomes
more dramatic in both Cases 3 and 4, panel (b), when compared to Cases 1 and 2, panel (b) and the maximum
energy density decreases more rapidly than when compared to Cases 1 and 2, panel (c). Therefore, changing
the launch altitude of a wave packet, with identical initial parameters, can also signiﬁcantly alter the amplitude, altitude, and spectral evolution of the packet. This has implications for in situ and/or secondary wave
generation in the MLT. If a wave spectrum is generated with the same wavelength and period in the troposphere, or in the mesosphere, we cannot assume their evolutions will be similar. Equally, the forcing they
produce as a result of momentum ﬂux deposition will be more localized and stronger if dispersion of the
packet is minimized (either by having a higher launch altitude or having a more narrowband source).
It is noted that all of these cases show a spectral evolution as described by Heale et al. (2014), where the fast,
long wavelength components are dissipated ﬁrst causing the vertical wavelength to shift from large to small
values as time progresses. Simulations are also run with 𝜆x = 40 km, 𝜆z = 20 km, launched from 40 km (ﬁgures
not shown). These show the same eﬀect as for the 𝜆z = 10 km cases but with a more rapidly decreasing
vertical wavelength in time. This is because (1) dispersion causes the depth of the packet to become large over
time, and as such, there is a considerable variation in the kinematic viscosity (𝜈 ) over the depth of the wave
packet; (2) the packet propagates into the dissipative region rather than being generated in situ,; thus, the
leading edge arrives at the viscous region ﬁrst and experiences dissipation before the main body of the packet
does. This eﬀect was also seen in the ray trace studies of Vadas and Liu (2013) and Vadas et al. (2015), which
required launching a large number of rays of diﬀerent initial parameters and group velocities that describe
the evolution of the packet spectrum. Using ray tracing to describe a packet with a single ray that propagates
at the group velocity would not adequately describe the path, or evolution, of the packet.
4.2. Cases 5 and 6
Figure 4 shows the 𝜆x = 40 km, 𝜆z = 5 km cases launched from 80-km altitude, with Case 5 being the spectral broadband case (one vertical wavelength packet FWHM), and Case 6 being the quasi-monochromatic
case (three vertical wavelength packet FWHM). While Cases 1–4 investigated how dissipation and dispersion
were eﬀected by launch altitude and bandwidth, Cases 5 and 6 consider the eﬀect of an initial vertical scale
that is smaller than the scale height of the atmosphere (smaller than the vertical scale of viscosity). This is
an assumption which is central to the WKB approximation made by ray trace theory (|m| ≫ 1∕2H) and in
Walterscheid (2013).
For Case 5, panel (a) where the packet is spectrally broad, signiﬁcant dispersion occurs but far less so than
when the initial vertical wavelength is 10 km (as in Case 3). This is because the range of group velocities associated with the 5-km packet are smaller than the 10-km one; thus, dispersion occurs at a slower rate. In addition,
dissipation acts to damp the packet more rapidly for Case 5 than Case 3 (since the dissipation rate is great
for smaller vertical wavelengths). In general, the rate of dispersion is a function of the bandwidth (thus the
localization or impulsiveness) of the packet and the initial central vertical wavelength and phase speed. The
dissipation rate, however, is a function of the vertical wavelength relative to the scale height of the atmosphere, since molecular kinematic viscosity is strongly inﬂuenced by the ambient density. Case 5, panel (b)
follows the spectral evolution mechanism suggested in Heale et al. (2014) in which the vertical wavelength
decreases in time and the energy density path diverges from the inviscid group velocity path as the longer
vertical wavelength components are dissipated ﬁrst. This happens in spite of the vertical scale being smaller
than the atmospheric scale height, which was one of the conditions laid out in Walterscheid (2013) for the
smaller wavelengths to be dissipated ﬁrst and for the packet’s central wavelengths to shift to larger values.
This highlights the importance of considering dispersion and bandwidth when modeling/observing gravity
wave packets. Case 6, where the packet is narrowband (thus weakly dispersive), and the central vertical wavelength is smaller than the scale height, ﬁts the central assumptions for ray tracing. However, in order for the
packet to be narrowband, the spatial localization of the packet has to incorporate several cycles of the wave
HEALE ET AL.

LOCALIZATION EFFECTS ON GW DISSIPATION

8922

Journal of Geophysical Research: Atmospheres

10.1029/2017JD027617

Figure 4. Simulation results for Cases 5 and 6 showing: (a) the scaled, normalized horizontal velocity as a function of
time, with inviscid group velocity and maximum energy density paths overlaid, (b) the normalized vertical wavelength
spectrum, and (c) the value of the maximum energy density with time for viscous and inviscid version of the simulation.

(via Fourier theory); for Case 6, this means that the vertical scale of the packet needs to be ∼15 km (three
vertical wavelengths), which is now greater than the scale height of the atmosphere. Therefore, the viscosity
still varies meaningfully over the depth of the packet. As a result, the path of maximum energy density still
diverges from the group velocity before the centrum of the packet reaches the thermosphere (divergence
begins at about 85 km), suggesting that the leading edge of the packet (largest vertical wavelength and vertical group velocity) is still dissipating in advance of the rest of the packet. Case 6, panel (b), also indicates a
shift in the central vertical wavelength to smaller values in time, albeit a small shift (from 5 to 4.3 km). Panel
(c) in Figure 4, also indicates that dissipation due to viscosity acts on the packet very soon after launch since
the maximum energy density in the inviscid (red) and viscous (blue) simulations diverge from each other very
early in the simulation. The decrease in the inviscid maximum energy density in narrowband case highlights
that dispersive amplitude decay occurs and needs to be accounted for, even for a narrowband packet whose
central vertical wavelength is smaller that the scale height.
4.3. Cases 7–10
In Cases 7–10 (Figure 5), both the 5-km and 10-km vertical wavelength waves are launched at 120 km for
both spectrally broadband and narrowband initializations. As such, the packets originate in a region where
the molecular viscosity and thermal conductivity are nonnegligible and dissipation will act on the packet from
the outset rather than having a wave packet propagate into the dissipative region. In reality, waves originating
in this region are likely secondary waves caused by dissipation of a primary gravity wave packet (Vadas &
Liu, 2009, 2013) or through breaking and instability (Bossert et al., 2017; Lund & Fritts, 2012). The scales and
periods of these secondary waves in the former case are dependent upon the time and spatial scales of the
body forcing created by the dissipating primary wave (e.g., Vadas & Liu, 2009, 2013).
Figure 5, Case 7 shows the 5-km vertical wavelength wave packet, that is spectral broad (spatially localized).
This is the ﬁrst case that shows a maximum energy density path that reaches higher altitudes than the group
velocity path (panel a), and a spectrum that evolves from smaller to longer vertical wavelengths in time (panel
b). This is due to three main factors: First, the vertical wavelength is smaller than the scale height. Second,
the packet is initially very localized, meaning that the viscosity remains fairly constant over the packet depth.
Third, (and crucially), the packet is launched in the viscous region, so dissipation acts immediately on the
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Figure 5. Simulation results for Cases 7–10 showing (a) the scaled, normalized horizontal velocity as a function of time,
with inviscid group velocity and maximum energy density paths overlaid, (b) the normalized vertical wavelength
spectrum, and (c) the value of the maximum energy density with time.

whole packet. Combined, this leads to a spectral and path evolution as described in Walterscheid (2013). The
viscosity preferentially and immediately acts to damp the small scales, removing them from the packet and
leaving the larger scale to propagate for a short time before they too are dissipated. The whole packet is
dissipated very quickly and the maximum energy density decays to near zero after just 30 min (panel c).
Case 8 shows the 5-km vertical wavelength wave packet, when the wave packet is narrowband. Since the
spectral content of this packet is much more narrow than Case 7, it contains a lesser abundance of longer
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wavelengths that would decay more slowly and could propagate to higher altitudes. As a result, the entire
packet dissipates in place without propagating upward at all. In fact, the energy density path moves downward in time, because the viscosity varies over the depth of the packet and the lower portions of the packet
decay at a marginally slower rate than the top. The central vertical wavelength remains constant in time for
this case.
For Case 9 (10 km, broadband packet), the dominant vertical wavelength ﬁrst increases slightly and then
decreases. Early-on scale-dependent dissipation dominates (as in Case 7); but, as the wave packet disperses,
the selective removal of the long wavelengths dominates. For Case 10 (10 km, narrowband packet), the evolution is similar to Case 8; however, this packet dissipates at a slower rate and can propagate upward for a short
distance. This is because the packet depth spans a greater depth that in Case 8 (thus, the lower part is generated in a less viscous region) and the central vertical wavelength is larger and so dissipation due to viscosity
is less rapid.
There are two implications that arise for secondary waves generated in the thermosphere from these cases.
First, if coherent, narrowband, secondary wave packets generated in the thermosphere are going to be able
to survive and propagate, they need to have large vertical wavelengths and high phase speeds (Vadas, 2007).
Second, if a wave packet with a central wavelength smaller than the local scale height is going to exist for any
signiﬁcant length of time, it will need to have suﬃciently broad spectra (that contain waves with large vertical
scales and phase speeds that can survive). From these simulations, wave packets with parameters that fulﬁll
the assumptions, and follow the evolution, laid out in Walterscheid (2013) (i.e., evolve from shorter to longer
vertical wavelengths) appear most likely to be secondary waves generated in the thermosphere and not primary waves. However, secondary waves that fulﬁll these assumptions (coherent packets, with vertical scales
smaller than the scale height) are also likely to decay rapidly in the thermosphere unless they have broad spectra. Therefore, it is unlikely to observe such waves in the thermosphere. Waves observed in the thermosphere
typically have very large vertical scales and high phase speeds (Vadas, 2007; Vadas & Liu, 2013). The need to
accurately account for dispersion is necessary to capture the evolution of the wave packet spectra from longer
to shorter vertical wavelengths if the wave is launched in the lower/middle atmosphere but is also needed
to account for the evolution from shorter to longer wavelengths that can occur when waves are launched in
the dissipative thermosphere. It is likely that waves commonly observed in the thermosphere are either secondary waves generated in the MLT or thermosphere with large vertical wavelengths and horizontal phase
speeds, or the high-frequency, large vertical wavelength components of a primary wave packet propagating
up from their source in the lower atmosphere (i.e., Vadas et al., 2003; Vadas & Fritts, 2005; Vadas & Liu, 2009).
The results are summarized for Cases 1–10 in Table 2.
It is key to note that the vertical wavelength plots in Cases 1–10 were normalized in the ﬁgures for clearer
presentation, as amplitudes become small; however, this can be visually misleading as it obscures the mechanism that causes the decrease in the central vertical wavelength. Figure 6 shows the same vertical wavelength
ﬁgures presented in Cases 3–6, but without normalization. It is clear from these ﬁgures that the spectrum
tapers from the long vertical wavelength edge of the spectrum, since the waves that propagate fastest also
dissipate sooner in the thermosphere. This leads to the evolution in the central vertical wavelength to smaller
values (blue lines in Figure 6) as a result of the eroding of long vertical wavelength components. The evolution of the spectrum is thus the result of removal of long wavelength components rather than a shifting or
refracting individual components within the spectrum, the latter being an incorrect conclusion that one may
draw from inspection of the normalized vertical wavelength plots alone (Heale et al., 2014).
4.4. Inviscid Energy Density Evolution
The formal solution, for example, for the horizontal wind described by a wave equation is
∞

1
u(z, t) = √
A(m)e(i(mz−𝜔(m)t) dm
2𝜋 ∫−∞

(8)

]
∞[
1
i 𝜕u
(z, 0) e−imz dz
A(m) = √
u(z, 0) +
𝜔(m) 𝜕t
2 2𝜋 ∫−∞

(9)

where from Walterscheid (2013),
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Table 2
Summarized Results of Cases 1–10
Initial 𝜆z (km)

Final 𝜆z (km)

Change (%)

Launch z (km)

Final z (km)

Initial width (𝜆z s)

Summary

1

10

6.3

−37

40

104

1

Signiﬁcant dispersion occurs and dissipation acts
on fast, large 𝜆z components ﬁrst.

2

10

8.9

−10.8

40

117

3

Packet remains fairly coherent, minimal dispersion.

2

10

8.9

−10.8

40

117

3

Packet remains fairly coherent, minimal dispersion.

3

10

6.6

−34

80

115

1

Higher launch z means less time to disperse before
dissipation occurs.

4

10

8.9

−10.8

80

121

3

Similar to Case 2.

5

5

4

−20

80

100

1

Dispersion not as great as Case 3, due to smaller
initial 𝜆z .

6

5

4.6

−8.4

80

100

3

Packet remains coherent, little change in 𝜆z .

7

5

7.2

44.6

120

129

1

𝜆z increases due to scale-dependent removal of
short wavelength components.

8

5

5.5

9.8

120

120

3

Packet dissipates in place without dispersion or any
upward propagation.

9

10

8.6

−13.6

120

133

1

Fairly rapid dissipation, but some dispersion still
occurs.

10

10

8.9

−10.7

120

125

3

Dissipation occurs quickly with virtually no dispersion.

Case

Note. Note that 8 out of the 10 cases show an increase in the central vertical wavelength over time due to dispersion causing the faster longer vertical wavelengths
to be removed ﬁrst, while only two show an increase in the vertical wavelength due to scale-dependent dissipation removing the shorter wavelengths ﬁrst.

For simplicity, we ignore the initial tendency and assume an initial Gaussian disturbance of the form
u(z, 0) = U exp(−z2 ∕2𝜎z2 )eim0 z
0

(10)

The initial spectrum (10) is given via a Fourier transform as
A(m) =

1
− 1 (m−m0 )2 𝜎z2
0
U𝜎 e 2
2 z0

(11)

Figure 6. The nonnormalized vertical wavelength plots as a function of time for Cases 3–6. The blue line represents the
central (dominant) vertical wavelength. The ﬁgure shows that the migration in the central vertical wavelength is a result
of the removal of the longer vertical wavelengths in time caused by dissipation, that is, and is not due to shifting or
refraction of the spectrum to shorter wavelengths.
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This illustrates the inverse relationship between the spatial localization 𝜎z0 and the spectral width 1∕𝜎z0 . The
time evolution of the packet is then given by
∞

f (z, t) =

∫−∞

exp(i(mz − 𝜔(m)t)f̃ (m)dm

(12)

In order to obtain an approximate solution, the dispersion relation 𝜔(m) is Taylor expanded about the central
wave number m0 to second order, under the assumption that the spectrum is sharply peaked about the central
wave number :
𝜕𝜔 1
𝜕2 𝜔
+ (m − m0 ) 2
𝜔(m) = 𝜔(m0 ) + (m − m0 )
(13)
𝜕m 2
𝜕m
𝜕𝜔
The ﬁrst-order term gives the vertical group velocity (Cg = 𝜕m
), and the second-order term Γ =
measure of the spreading of the packet (both are assumed constant). The integral (8) now becomes

𝜕2 𝜔
𝜕m2

is a

∞
[
]
[
(
) ]
U
1
1
u(z, t) = √
𝜎z exp − (m − mo )2 𝜎z2 exp i mz − 𝜔o + Cg (m − mo ) + Γ(m − m0 )2 t dm (14)
2
2
2 2𝜋 ∫−∞

The solution is

]
[
(z − Cg t)2
1
U
exp i(m0 z − 𝜔0 t)
u(z, t) =
exp − 2
2 [1 + iΓt∕𝜎z2 ]1∕2
2𝜎z (1 + iΓt∕𝜎z2 )

(15)

[
]
(z − Cg t)2
𝜎z
exp −
|u(z, t)| ∝
𝜎z (t)
𝜎z2 (t)

(16)

whence

2

√
where 𝜎z (t) = 𝜎z (0) 1 +

Γ2 2
t . The solution takes the form of a Gaussian-enveloped packet that propagates
𝜎z4 (0)

at the group velocity Cg and spreads and decreases in amplitude with time as 𝜎z (t) increases. Note that while
these results are for inviscid propagation, the molecular viscosity 𝜈 enters the Fourier integral as exp(−𝜈m2 t).
Therefore, the expression can be combined with that of Γ to give exp[−(𝜈 + 12 Γ)m2 t] and the time-dependent
√
2
width can be written as 𝜎z (t) = 𝜎z 1 + (2𝜈+Γ)
t2 .
𝜎4
z

Figure 7 shows the evolution of the energy density in an inviscid atmosphere for Cases 1 and 2, with the
upper panels (a) and (c) showing the time evolution with the maximum energy density path, and theoretical group velocity paths overlaid. The lower panels (b) and (d) show the energy density with altitude at four
discrete times.
For Case 1 (the broadband case), it is very clear that the initial Gaussian shape evolves into an asymmetric form
as the faster, longer wavelength components propagate ahead of the main bulk of the packet. Over time, this
leads the maximum energy density path to lag slightly behind the group velocity path. The simulation then, is
at odds with the theoretical description for a dispersive wave packet, which assumes that the packet remains
Gaussian over time and does not account for the asymmetric evolution. For Case 2 (the narrowband case),
the packet does, however, remain Gaussian due to its relatively narrow spectrum (see below). The Gaussian
increases in width and decreases in amplitude over time, as suggested by the analytical solution. However,
the maximum energy density path advances slightly quicker than the theoretical group velocity path.
One of the assumptions made in the analytical description of wave packet evolution is that the wave spectrum is sharply peaked around the central wave number (in this case m0 ; Jackson, 1975; Walterscheid, 2013;
Walterscheid & Hecht, 2003), which allows for the Taylor expansion of the dispersion relation and leads to
packet propagation at the group velocity. The validity of this assumption for a given packet was suggested
by Walterscheid (2013) to be given by the ratio of the second derivative of 𝜔 (Γ) times the initial value of 𝜎z−1
(the measure of the dispersion in group velocity) to the ﬁrst derivative of 𝜔 (Cg ). Here we modify that slightly
to be ratio of the quadratic term in the Taylor expansion (the dispersive term) times 𝜎z−1 to the linear term
(the group velocity term) and use the anelastic rather than the Boussinesq dispersion relation (neglecting the
Coriolis parameter):
1
𝛾=|
Γ∕Cg |
(17)
2𝜎z
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Figure 7. The energy density evolution for Cases 1 (a and b) and 2 (c and d), propagating through an inviscid atmosphere. The white (solid) and red (dashed)
lines in panels (a) and (c) represent the group velocity path and path of maximum energy density, respectively.

whence,

| 1 2m2 − k2 − 1∕4H2 |
|
|
0
𝛾=|
|
| 2m0 𝜎z k2 + m2 + 1∕4H2 |
|
|
0

(18)

Values of 𝛾 should be less than order unity for the propagation of the wave packet to be given by Cg (neither
too broad nor too dispersive). For the parameters of Cases 1 and 2, 𝛾 has values of 0.4 and 0.17, respectively.
Thus, Cases 1 and 2 meet this criterion. In the limit of large m2 (quasi-hydrostatic Boussinesq) the dispersion
relation is
N2 k
𝜔=
(19)
m
and gives the result
𝜕n 𝜔
𝜔
= (−1)n n! n
(20)
𝜕mn
m
When this is inserted in the Taylor expansion for 𝜔 this becomes
𝜔 = 𝜔0 −

Δm
+
m0

(

Δm
m0

(

)2
−

Δm
m0

)3
+ ...

(21)

For a broadband disturbance Δm ∼ m0 (21) is a very slowly converging series. The ﬁrst three terms
describe the propagation and spreading of a Gaussian wave packet. The fourth term and higher contribute
to non-Gaussian behavior. Typical gravity waves are not too far from hydrostatic Boussinesq waves. For these
waves the evolution of broadband wave packets is not well described by the standard theory. To accurately
account for the whole spectrum in a broadband case, a numerical solution to equations (8) and (9) would
likely be needed, integrating over the full dispersion relation; or by direct numerical solution, as done here.
Note that when m20 ∼ 12 (k2 + 1∕4H2 ), the minimum of equation (18), waves are minimally dispersive.
4.5. Viscous Energy Density Evolution
Figure 8 shows the same plots as Figure 7 but for propagation through a viscous atmosphere. When comparing the two, it is easy to see how the leading edge of the packet is dissipated ﬁrst, removing the faster, longer
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Figure 8. The energy density evolution for Cases 1 (a and b) and 2 (c and d), propagating through a viscous atmosphere.
The white and red lines in panels (a) and (c) represent the group velocity path and path of maximum energy density,
respectively.

wavelength components ﬁrst. In Case 1 (panels a and b), it is the long tail of the spectrum that was seen in the
inviscid cases, that gets truncated from the packet ﬁrst. As a result, the packets’ dominant vertical wavelength
evolves from longer to shorter values as time progresses. It is also clear to see how the peak in the energy
density distribution stalls in its upward motion as the leading edge of the packet is dissipated. The packet hits
a vertical roadblock diminishing the amplitude from the leading edge while the center and rear of the packet
catch up. It is this eﬀect that leads to the divergence between the path of the maximum energy density and
inviscid group velocity once dissipation acts on the packet.
4.6. Cases 11–14
Previous studies (e.g., Fritts & Vadas, 2008; Vadas, 2007; Vadas & Fritts, 2006; Yiğit & Medvedev, 2010) have
investigated the eﬀects of diﬀerent thermospheric temperature structures, related to solar activity, on gravity
wave dissipation. They found that in high solar activity, waves experience less vertical damping and favorable
propagation to higher altitudes due to eﬀective expansion of the atmosphere and thus less rapidly increasing
viscosity with altitude. As a result, the maxima of gravity wave momentum deposition occur much higher
under stronger solar conditions but at weaker amplitudes.
Cases 11–14 (Figure 9) show the 5-km and 10-km vertical wavelength packets, launched from z = 40-km
altitude, propagating through the realistic thermospheric temperature structure. The realistic thermosphere
adds two noticeable eﬀects: (1) The thermospheric temperature proﬁle refracts the waves, in turn altering the
vertical propagation of the packet (i.e., Vadas & Fritts, 2006) and (2) aﬀects the variation in molecular viscosity
as a result of the changing scale height H. The blue curves in panel (a) show the inviscid group velocity paths
for the central wave number of the packet. The orange curves in the (b) panels show the vertical wavelengths
inferred from the adiabatic dispersion relation along the path of maximum energy density (red curve in panel
a) assuming no dispersion.
In Case 11 (𝜆z = 5 km, one cycle) panel (a), the packet disperses rapidly in time and by t = 200 mins, spans
an altitude of ∼130 km. The temperature gradient in the thermosphere leads to an increase in N2 , which
refracts waves to larger vertical wavelengths, in turn, increasing their vertical group velocity. This increases
the amount of dispersion relative to the isothermal cases as the leading edge of the packet, which reaches the
thermospheric temperature gradient ﬁrst, is accelerated away from the center of the packet even more. The
same result is true for the 10-km vertical wavelength case (Case 13, panel a), except that the rate of dispersion
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Figure 9. Simulation results for Cases 11–14 showing (a) the scaled, normalized horizontal velocity as a function of
time, with inviscid group velocity and maximum energy density paths overlaid, (b) the normalized vertical wavelength
spectrum, with the predicted vertical wavelength along the maximum energy density path shown in orange, and (c)
the value of the maximum energy density with time. These are the cases of waves propagating through a realistic
thermosphere.
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Table 3
Summarized Results of Cases 11–14
Initial 𝜆z (km)

Final 𝜆z (km)

Change (%)

Launch z (km)

Final z (km)

Initial width (𝜆z s)

11

5

4.1

−18

40

99.5

1

Signiﬁcant dispersion occurs, energy
density path does not reach refracting
portion of thermosphere.

12

5

4.6

−8

40

111

3

Weak dispersion leads to higher ﬁnal
energy density altitude than Case 11,
but still does not reach refracting portion of thermosphere.

13

10

7.2

−28

40

120

1

Considerable dispersion occurs leading
to reduction in central 𝜆z through dissipation of longer, faster components.

14

10

11.8

18

40

140

3

Packet remains coherent until thermosphere, central vertical wavelength
refracted to larger 𝜆z by thermospheric
temperature change.

Case

Summary

Note. Due to dispersion, the energy density path does not penetrate high enough in the thermosphere for the background temperature change to signiﬁcantly
refract the central vertical wavelength for Cases 11–13 but has a noticeable eﬀect in Case 14.

relative to the group velocity is smaller in this case. As with the isothermal cases, the path of maximum energy
density path diverges from the inviscid group velocity path below the viscous thermosphere, suggesting that
dissipation of the leading edge has a strong inﬂuence on the perceived path of the center of the packet and
that the rate of dispersion has a signiﬁcant inﬂuence on this evolution. This has interesting consequences for
observations of waves generated by broadband packets. Instruments independently measuring wave activity
in the mesosphere and thermosphere would infer diﬀerent wave parameters in the two regions and may
conclude that there are in fact two distinct waves present. However, these would be part of the same source
and part of a single packet that could be measured across the stratosphere, mesosphere, and thermosphere
simultaneously. The central vertical wavelength, in both Cases 11 and 13, evolve to shorter values in time.
For Cases 12 and 14 (the narrowband cases), the diﬀerence in the central vertical wavelength of the packets
and their respective widths lead to signiﬁcantly diﬀerent evolutions. For the 5-km central vertical wavelength
case (Case 12), the packet remains coherent throughout its propagation and the packet dissipates, together,
rapidly as it enters the lower thermosphere. This is because the packet has a small central vertical wavelength
(relative to the scale height), such that viscosity damps the packet more rapidly than the 10-km case. Also,
the depth of the packet is comparable to the scale height; thus, the viscosity does not vary too much over the
depth of the packet, so it dissipates at nearly equal rates across the packet. As a result the vertical wavelength
decreases by only 0.4 km. For Case 14, the packet remains coherent enough, and the central vertical wavelength is large enough that path of maximum energy density penetrates into the lower thermosphere and is
refracted to larger vertical wavelengths by the temperature gradient (Case can be seen in Case 14, panel b).
When comparing with the equivalent isothermal case (Case 2), the decrease in the central vertical wavelength
caused by dissipation is obfuscated by the refractive increase in vertical wavelength by the thermosphere. The
dispersion, as noted for the broad band cases, is accelerated by the refractive eﬀects of the thermosphere and
the depth of the packet broadens signiﬁcantly once the packet reaches the thermosphere (after ∼150 mins).
It is clear from these cases that the realistic thermospheric temperature can complicate the interpretation of
gravity wave spectral evolutions. If the initial spectra are broad, or the vertical wavelength too short, then the
maximum energy density path may not reach the region of the thermosphere where the temperature change
has an eﬀect on the evolution of the wave spectra. However, if the packet is relatively narrowband, and the
central vertical wavelength is long enough, then the wave’s maximum energy density path can penetrate
into the thermosphere and the thermospheric temperature structure can change the evolution of the packets vertical wavelength. In addition, the refractive eﬀect of the thermosphere (especially on the fast packet
components) can act to accelerate dispersion and broaden the spatial extent of the packet. The results from
Cases 11–14 are summarized in Table 3.
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5. Discussion and Conclusions
In this paper, the relative eﬀects of dispersion and dissipation of transient gravity wave packets of diﬀerent
spatial localizations (and thus spectral content) are explored. Numerical simulations were run with initial wave
packet spans of one vertical wavelength (broadband), and three vertical wavelengths (narrowband) for packets with central vertical wavelengths of 5 km and 10 km. These packets were launched from 40, 80, and 120 km
in order to control the amount of packet dispersion that occurs before dissipation becomes important. In
order to delineate the eﬀects of dispersion and dissipation, runs were also performed in an atmosphere that
was free of viscosity.
Two speciﬁc spectral evolutions have been presented for linear transient wave packets and the aim was to test
the limits of these two regimes. Theory states that viscosity and conduction will act to preferentially dissipate
smaller scales given a spectrum of waves at the same altitude and, as such, Walterscheid (2013) predicted
that broadband wave packets with a central vertical wavelength less than the scale height would evolve to
longer vertical wavelengths under strong dissipation. Other studies, such as Heale et al. (2014), Liu et al. (2013),
Vadas and Fritts (2005), and Vadas and Liu (2013), found that wave packets tended to evolve to smaller vertical
wavelengths under dissipation.
We ﬁnd that in all isothermal cases launched where the wave is essentially dissipation free (i.e., not in the thermosphere), dispersion is signiﬁcant enough that the faster, longer vertical wavelength components reach the
dissipative thermosphere ﬁrst and are removed from the spectrum ﬁrst, leading to the shorter, slower components to be dominant at later times. This was the mechanism laid out in Heale et al. (2014) and the spectrum
evolves from its central vertical wavelength to smaller vertical wavelengths as time progresses. The eﬀect is
more dramatic for spectrally broad packets and small for the narrowband packets. It is noted, that this spectral evolution is solely the result of dissipation; the central vertical wavelength of the same wave, propagating
in a nonviscous atmosphere, remains constant (as long as it remains linear). These cases are especially applicable to convective sources that produce a broad spectra of waves. It has also been shown that the spectrum
of secondary waves created by dissipating primary wave can be broad in nature (Vadas et al., 2003). It is likely
that packets generated by convective sources will evolve, in the manner described, from longer to shorter
wavelengths and was seen to be prominent in studies assessing the impact of convectively generated waves
on the thermosphere (Vadas & Liu, 2013; Vadas, 2013). It is also key to note that the dispersion, spectral evolution, and dissipation of these wave packets are highly time dependent. Most gravity wave parameterization
schemes that include the eﬀects of molecular viscosity assume a steady state solution, therefore, they will
not accurately capture the inherently time-dependent dispersive eﬀects of spectrally broad packets. Broadband packets will tend to deposit their momentum over a larger altitude depth and longer time scales than a
quasi-monochromatic wave packet.
The results for spectrally broad packets also have implications for ray tracing applications. It was found that
the path of maximum energy density diverges from the inviscid group velocity path far before either path
reaches the viscous thermosphere region. This is because the leading edge of the packet, which contains
the larger vertical wavelength spectral components, is subject to dissipation in the thermosphere ﬁrst, thus
reshaping the packet. An individual ray, used to represent an entire spectrum, would not experience a path
deﬂection (in a windless, isothermal atmosphere) until acted upon by viscosity (e.g., Vadas & Fritts, 2005;
Walterscheid, 2013). Equally, the amplitude of the maximum energy density decreases signiﬁcantly due to
dispersion alone. Once again, tracing a single ray typically considers conservative propagation and would
not indicate a decrease in amplitude unless acted upon by viscous forces. Even for cases where the packet
was relatively narrowband, dispersion still played a role in the decrease in amplitude of the maximum energy
density. This suggests that ray trace simulations need to carefully consider the spectral bandwidth of the
packet and likely requires an approach to ray tracing that includes a multiplicity of rays that reproduce the
spectral content of a wave packet A(k) in order to properly account for dispersion in wave packets and the
resulting amplitude decay. A technique to properly account for dispersion in ray tracing is presented in Vadas
and Fritts (2009). In addition, analytical approaches suggest that an initial Gaussian packet should evolve as a
Gaussian over time, whose width increases and amplitude decreases. However, energy density model results
suggest that the broadband wave packets can evolve into asymmetric distributions, which are elongated by
the fast, long wavelength packet components accelerating in front of the bulk of the packet. This eﬀect is
most pronounced for broadband waves with m2 ≫ k2 . For such broadband packets, wave solutions should
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be constructed by full integration over the spectral space rather than expanding the dispersion relation to the
ﬁrst or second order, or by direct numerical simulations.
If the packet has a central vertical scale smaller than the atmospheric scale height, is suﬃciently broadband, and crucially, is launched in the thermosphere (as, say, by secondary wave generation), then the
scale-dependent dissipation acts to remove the smaller vertical wavelengths ﬁrst, and the dominant wavelength shifts to longer values as described in Walterscheid (2013). Even so, these packets are relatively
short-lived unless the spectra are very broad and contain packet components with vertical wavelengths much
larger than the scale height (Vadas, 2007). If the packet is spectrally narrowband, the waves dissipate rapidly
in place with little to no upward propagation and the vertical wavelength remains approximately constant as
the entire spectra is dissipated together. This suggests that waves observed in the thermosphere are either
the large vertical wavelength, high phase speed components of packets launched in the lower/middle atmosphere, or secondary waves generated in situ that necessarily have vertical wavelengths greater than the
scale height (or high phase velocities), or are generated as spectral broad packets by impulsive, or very localized forcing. The wave ﬁeld in the upper atmosphere comprises a superposition of coherent wave packets
and a continuum. Our results indicate that broadband disturbances launched in the lower atmosphere are
strongly dispersed by the time they reach the upper atmosphere; this suggests that a signiﬁcant source for
the continuum, if the not main one, is fully dispersed wave packets.
Thermosphere temperature gradients can exacerbate the level of dispersion by refracting the faster, long vertical wavelength components of a packet to even faster vertical group velocities, accelerating the spreading
of the packet over altitude. If the wave packet has a large enough central vertical wavelength that it can penetrate into the section of the thermosphere where the temperature gradient becomes signiﬁcant, then the
spectral evolution can be dominated by the refraction to larger vertical wavelengths which can obfuscate the
decrease in vertical wavelength caused by dissipation.
If the energy density path of a wave propagates into regions of the thermosphere where the temperature
changes signiﬁcantly, changes in the rate of viscous dissipation and vertical wavelength due to thermal structure can aﬀect the dominant vertical wavelength. For the 5-km narrow and broadband cases and the 10-km
broadband case, the wavelengths inferred from the wavelet analysis are shorter than the adiabatic wavelengths after the group and maximum energy paths diverge by a signiﬁcant amount. This is consistent with
the combined eﬀects of dispersion and the preferential absorption of the long fast waves, as for the isothermal
case, but the divergence takes place later and the magnitude of the eﬀect is less. For the 10-km narrowband case, however, the inferred wavelength becomes signiﬁcantly larger after the paths diverge. This occurs
because the packet remains coherent until the main part of the packet reaches the lower thermosphere where
it dissipates by means of scale selective viscous dissipation.
The localization, and thus spectral content, of a wave packet is a crucial parameter in determining its amplitude and spectral evolution. The eﬀect of dispersion on the amplitude decrease of a wave packet is somewhat
underappreciated and should be carefully considered for ray tracing applications to inherently broad spectra, such as those generated by convection. Equally, results suggest that the central vertical wavelength of
most transient packets will evolve from longer to shorter wavelengths in time under dissipation. Packets that
evolve to longer vertical wavelengths as a result of dissipation are likely secondary waves generated in situ in
the thermosphere.
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